Rules for integrands of the form P[x] (a+bx)" (c+dx)" (e + fx)P

1. jP[x] (@a+bx)" (c+dx)" (e+fx)’dx whenbc+ad=0 A m=n

1: JP[X] (@a+bx)" (c+dx)" (e+ fx)Pdx whenbc+ad=@ Am=nA (MeZ V a>0 A c>0)

Derivation: Algebraic simplification
Basis:if bc+ad=0 A (meZ VvV a>0 A c>0),then (a+bx)" (c+dx)"= (ac+bdx?)"

Rule:lf bc+ad=0 Am=nA (mMmeZV a>0 A c>0),then

JP[X] (@a+bx)" (c+dx)" (e+ fx)Pdx — jP[x] (ac+bdx?)" (e+fx)Pdx

Program code:

Int[Px_# (a_.+b_.*Xx_) m_. (c_.+d_.*x_)*n_.x(e_.+f_.*x_)"p_.,x_Symbol] :=
Int[Px*(a*c+b*d*x"2)"m* (e+f*x) "p,x] /3
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && PolyQ[Px,x] && EqQ[bxc+axd,0] && EqQ[m,n] & (IntegerQ[m] || GtQ[a,0] & GtQ[c,0])



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"\p

2: JP[X] (@a+bx)" (c+dx)" (e+ fx)Pdx whenbc+ad=0 Am=nAm¢z

Derivation: Piecewise constant extraction

Basis: If b c + ad == 0, then 9, {a:bx)"(c2dx)T __ g
(ac+bdx?)

Rule:lf bc+ad =0 Am=n A m¢ Z,then

(a +b X) FracPart[m] (C +d X) FracPart[m]

(a c+bd XZ) FracPart[m]

JP[X] (@a+bx)" (c+dx)" (e+ fx)Pdx — JP[X] (ac+bdx?)" (e+fx)"dx

Program code:

Int[PX_# (a_.+b_.*x_) " m_x (C_.+d_.*x_)"n_x (e_.+f_.*x_)"p_.,x_Symbol] :=
(a+bx) “FracPart [m]  (c+d+X) “FracPart[m] / (axc+bxd+x"2) ~FracPart [m] »Int [Px* (a*C+bxdxx"2) *m« (e+f*x)p,x]| /;
FreeQ[{a,b,c,d,e,f,m,n,p},x] && PolyQ[Px,x] && EqQ[bxc+axd,0@] &% EqQ[m,n] && Not[IntegerQ[m]]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"\p

2: JP[X] (@a+bx)" (c+dx)" (e+fx)?dx when PolynomialRemainder[P[x], a+bXx, x] =0

Derivation: Algebraic expansion

Basis: If PolynomialRemainder [P [x], a + b x, x] = 0, then
P[x] == (a+bx) PolynomialQuotient[P[x], a +b X, X]

Rule: If PolynomialRemainder [P[x], a + b x, x] = 0, then

jP[x] (@a+bx)" (c+dx)" (e+ fx)Pdx — jPolynomialQuotient[P[x], a+bx, x] (a+bx)™* (c+dx)" (e+fx)”dx

Program code:

Int[Px_# (a_.+b_.*X_)™m_. (c_.+d_.*x_)*n_.x(e_.+f_.*x_)"p_.,x_Symbol] :=
Int [PolynomialQuotient [PX,a+b#X,X] * (a+bxX) ~ (M+1)  (C+dxX) “n (e+Fxx) "p,x] /3
FreeQ[{a,b,c,d,e,f,m,n,p},x]| && PolyQ[Px,x] && EqQ[PolynomialRemainder [Px,a+b+X,X],0]

3: Jp[x] (@a+bx)" (c+dx)" (e+fx)”dx when (m|n)ez

Derivation: Algebraic expansion
Rule: If (m | n) € Z,then

J-P[x] (@a+bx)" (c+dx)" (e+ fx)Pdx — jExpandIntegr‘and[P[x] (@a+bx)" (c+dx)" (e+fx)?, x] dx

Program code:

Int[Px_# (a_.+b_.*X_)™M_. (c_.+d_.*x_)*n_.x(e_.+f_.*x_)"p_.,x_Symbol] :=
Int [ExpandIntegrand [Px (a+bxx) “mx (c+dxX) ~n« (e+fxx) p,x],x] /;
FreeQ[{a,b,c,d,e,f,m,n,p},x]| & PolyQ[Px,x] && IntegersQ[m,n]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"\p

4: jP[x] (@a+bx)" (c+dx)" (e+fx)?dx whenm< -1

Derivation: Algebraic expansion and nondegenerate trilinear recurrence 3

Basis: Let Q[x] - PolynomialQuotient[P[x], a+bx, x]and R - PolynomialRemainder [P[x], a + b x, Xx],then
P[x] =Q[x] (a+bx) +R

Note: If the integrand has a negative integer exponent, incrementing it, rather than another negative fractional
exponent, produces simpler antiderivatives.

Rule: If m < -1, let Q[x] - PolynomialQuotient[P[x], a+bx, x]and R — PolynomialRemainder [P[x], a + b x, x],then

Jp[x] (@a+bx)" (c+dx)" (e+ fx)Pdx —
JQ[X] (a+bx)™ (c+dx)" (e+-Fx)pdlx+RJ(a+bx)’" (c+dx)" (e+fx)?dx —

bR (a+bx)™* (c+dx)™?! (e+1=x)p+1

+

(m+1) (bc-ad) (be-af)
1

J\(a+bx)’“+1 (c+dx)" (e+fx)P.
(m+1) (bc-ad) (be-af)

(m+1) (bc-ad) (be-af)Q[x]+adfR(m+1)-bR(de (m+n+2) +cfM+p+2))-bdfR (M+n+p=+3)x)dx

Program code:

Int[Px_# (a_.+b_.*x_)"m_x (C_.+d_.*x_)"n_.*(e_.+f_.»x_)"p_.,x_Symbol] :=
With[{Qx=PolynomialQuotient [Px,a+b#x,x], R=PolynomialRemainder [Px,a+bxx,x]},
b*Rx (a+bxx)~* (m+1) * (C+d*X) ~ (n+1) * (e+'F*x) 2 (p+1)/( (m+1) » (bxc-axd) * (b*e—a*f) ) +
1/( (m+1) * (bxc-axd) * (b*e—a*f) ) *Int [ (a+bxx) ~ (m+1) * (C+d*X) *nx (e+f*x) Apx
ExpandToSum[ (m+1) » (bxc-axd) % (b*e—a*f) #*Qx+a*xd*f*R+x (m+1) -bxR* (d*e* (m+n+2) +Cc*f* (Mm+p+2) ) -bxd*f*R* (m+n+p+3) *X_,X] ,x] ] /5
FreeQ[{a,b,c,d,e,f,n,p},x] && PolyQ[Px,x] && ILtQ[m,-1]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"\p

Int[PX_x (a_.+b_.*x_)"m_x (c_.+d_.*x_)"n_.*(e_.+f_.*x_)"p_.,x_Symbol] :=
With[{Qx=PolynomialQuotient [Px,a+b#x,Xx], R=PolynomialRemainder[Px,a+bxx,x]},
bxRx (a+b*x) ~ (M+1) # (C+d*X) ~ (n+1) » (e+Fxx)~ (p+1) /( (m+1) » (bxc-axd) * (bxe-axf)) +
1/( (m+1) » (bxc-axd) * (b*e—a*f) ) *Int [ (a+bxx) A (m+1) * (C+d*X) *n* (e+-F*x) “p*
ExpandToSum[ (m+1) » (bxc-axd) * (b*e—a*f) *QXx+axd*fxRx (m+1) -b*xR* (d*e* (Mm+n+2) +C*xf* (M+p+2) ) -bxd*fxRx (m+n+p+3) *x,x] ,X] ] /3
FreeQ[{a,b,c,d,e,f,n,p},x] & PolyQ[Px,x] && LtQ[m,-1] & IntegersQ[2m,2xn,2xp]



Rules for integrands of the form P[x] (a+b x)~m (c+d x)~n (e+f x)"\p

5: JPq[x] (@a+bx)" (c+dx)" (e+fx)’dx whenm+n+p+q+1#0

Derivation: Algebraic expansion and nondegenerate trilinear recurrence 2

Rule: If m+n+p+q+1#0,then

qu[x] (@a+bx)" (c+dx)" (e+ fx)Pdx —

Pq[X; Pq[X,
J(Pq[x] —% (a+bx)q] (a+bx)" (c+dx)" (e+-Fx)pdlx+%J\(a+bx)"‘+q (c+dx)" (e+fx)?dx —

PalX; q] (@+bx)™% ! (c+dx)™ (e+ 1=x)ID+1

+

dfb?l m+n+p+q+1)

1
J(a+bx)'" (c+dx)" (e+fx)P-

dfbI m+n+p+q+1)
(dqu (m+n+p+q+1) Pg[x] -dFfPq[x, q] (m+n+p+q+1) (a+bx)?+

Pa[X, q] (@a+bx)%? (a>df (m+n+p+q+1) -b (bce(m+q-1) +a(de(n+1)+cf(p+1))) +
b(adf(2(m+q) +n+p) -b(de(m+q+n) +cf (m+q+p)))x))dx

Program code:

Int[Px_*(a_.+b_.*x_)“m_.*(c_.+d_.*x_)“n_.*(e_.+f_.*x_)“p_.,x_Symbol] 5=
With [ {q=Expon [Px,x],k=Coeff [Px,X,Expon[Px,x]1},
k*(a+b*x)A(m+q—1)*(c+d*x)A(n+1)*(e+f*x)A(p+1)/(d*f*bA(q—1)*(m+n+p+q+1)) +
1/(d*f*bAq*(m+n+p+q+1))*Int[(a+b*x)Am*(c+d*x)An*(e+f*x)“p*

ExpandToSum[d*f*bAq*(m+n+p+q+1)*Px—d*f*k*(m+n+p+q+1)*(a+b*x)Aq +
k*(a+b*x)A(q—2)*(aAz*d*f*(m+n+p+q+1)—b*(b*c*e*(m+q—1)+a*(d*e*(n+1)+c*f*(p+1)))+
b*(a*d*f*(2*(m+q)+n+p)—b*(d*e*(m+q+n)+c*f*(m+q+p)))*x),x],x] /5

NeQ[m+n+p+q+1,8]] /;

FreeQ[{a,b,c,d,e,f,m,n,p},x] && PolyQ[Px,Xx]



